In absence of operating leverage, the neoclassical model of investment, equipped with a standard stochastic discount factor, produces (i) a counterfactual positive correlation between size and book-to-market and (ii) a counterfactual unconditional value discount. That is, so-called value firms (high book-to-market) earn on average a lower return than growth firms (low book-to-market). This happens because a greater fraction of the value of low book-to-market firms comes from growth options, which are riskier than assets in place. Adding operating leverage is necessary but not sufficient to overturn these results. With capital adjustment costs disciplined by the evidence on firms' investment rates and operating leverage set to match the unconditional average book-to-market, the model still fails to generate a value premium, both unconditionally and conditionally on size.
Introduction
Beginning with Berk, Green, and Naik (1999) , a rapidly amassing literature has tried to rationalize the cross-sectional variation in equity returns by characterizing the asset pricing implications of models of firm-level investment. Recent contributions to this body of work include Gomes, Kogan, and Zhang (2003) , Carlson, Fisher, and Giammarino (2004) , and Zhang (2005) .
This paper contributes to the literature in two ways. First, we provide an exhaustive characterization of the implications for the cross-section of equity returns that derive from a rather canonical model of investment. The main insights are that counterfactually, the basic version of the model produces (1) a positive unconditional correlation between size and book-to-market and 2) a value discount -firms with low book-to-market earn higher expected returns than firms with high book-to-market; 3) operating leverage is a necessary although not sufficient condition for the model to generate a value premium; 4) when parameter values are chosen to match key cross-sectional moment of the distribution of investment rates and operating leverage is set to match the unconditional mean bookto-market value, the model still fails to generate a value premium; 5) if returns to scale are set counterfactually low, allowing for greater leverage, the model generates a small premium, due mostly to small-size firms in bad aggregate states.
The cross-sectional variation is driven by persistent shocks to idiosyncratic productivity. These shocks are orthogonal to innovations in the stochastic discount factor. Nonetheless, they are systematically associated with expected returns because they pin down the firm's relative exposure to current versus future cash-flow risk.
A firm with low current idiosyncratic productivity commands little capital and produces a small cash-flow, but has a high expected productivity growth. Its valuation derive for the most part from continuation cash-flows, which are riskier than current cash flows.
In turn, this implies that on average low idiosyncratic productivity is associated with small size, low book-to-market, and high systematic risk.
Assuming that firms incur a constant and common operating cost changes the mapping between idiosyncratic productivity and book-to-market. Firms with low idiosyncratic productivity now have high book-to-market, especially conditional on the realization of an adverse aggregate state. This is necessary for the model to generate an unconditional value premium.
Whether operating leverage is large enough to generate a sizeable value premium, it is a quantitative question. Our calibration strategy follows the approach of macroeco-nomics studies with firm heterogeneity, i.e. we require that the model is consistent with key moments of the cross-sectional distribution of the investment rate and with average aggregate book-to-market. The result is that the model fails to generate non-negligible dispersion in expected returns.
When, say, returns to scale are set at a counterfactually low level, the calibration strategy allows operating leverage to grow to a level consistent with a value premium, although of a magnitude much smaller than in the data. In such scenario, the model also generates a value premium conditional on size. For given market capitalization, firms with higher book to market have greater capital and lower idiosyncratic productivity.
Low productivity is associated with high risk, because it signals that (i) most value comes from growth options and (ii) operating leverage bites harder. However, these firms will be shedding capital with the objective of reaching a scale consistent with their productivity.
The proceeds from the sale of capital will accrue to shareholders regardless of the aggregate state of nature, therefore lowering risk and expected return. A high enough operating leverage implies that the former of these channels prevails, inducing a conditional value premium.
Under these circumstances, the value premium originates mostly from small firms in bad aggregate states, consistent with the evidence.
The remainder of the paper is organized as follows. Section 2 presents a stylized model that helps shaping our intuition about the role played by operating leverage in generating the value premium. A fully-fledged model is introduced in Section 3. Its implications for the cross-section of equity returns are analyzed in Section 4. Section 5 is dedicated to comparative statics exercises. We identify parameter assumptions under which the model does generate a small value premium. Under those assumptions, Section 6 we describes the cyclical properties of the value premium. Section 7 concludes.
A Three-Period Model
In this section, we lay out a simple three-period model of investment and we explore analytically its implications for the cross-section of equity returns. The time periods are indexed by t = 0, 1, 2. For t = 1, 2, firms produce output by means of y t = e st+zt k α t , where α ∈ (0, 1) and k t denotes the capital stock installed at t−1. That is, we assume one-period time-to-build and full depreciation. Dividends equal cash flows minus investment.
The variables s t and z t denote the idiosyncratic and aggregate components of productivity, respectively. Both evolve according to first-order autoregressive processes and independent, normally distributed innovations. That is,
where ρ s , ρ z ∈ (0, 1). Firms evaluate future cash flows according to the stochastic discount
It follows that, conditional on capital k 1 and productivity levels {s 1 , z 1 }, the value of
where the linear operator E s denotes the expectation taken conditional on the information known at t = s. As of t = 0, equity is worth
Characterization
Define the the expected equity return at time t as the expected value of cash-flows to equity-holders divided by the ex-dividend market value. Then, we can write the expected return on equity at time t = 0 as
With some abuse of notation, rewrite (1) as
The first term at the numerator is the expected value of t = 1 cash flow, while the second term is the expected value of t = 2 cash flows. The denominator is nothing but the market value of the two streams.
We can express equity as a portfolio of two risky assets which pay off at time t = 1 and t = 2, respectively. We will refer to them as current assets and continuation assets, respectively. The loading on current assets, which we denote as x(s 0 , z 0 ), is the fraction of equity value accounted for by current assets, or
.
Since the expected return on current and continuation assets is independent of idiosyncratic productivity, the role of idiosyncratic productivity in shaping equity expected returns is given by the impact of s 0 on x. Idiosyncratic productivity being mean-reverting, its expected growth rate is decreasing in s 0 . It follows that the loading x is strictly increasing in s 0 .
Whether expected equity returns increase or decrease with s 0 depends on the expected return commanded by current and continuation assets, respectively. It turns out that for most parameter values, continuation assets command a higher return. Therefore, the expected return on equity strictly declines with idiosyncratic productivity. These results are summarized in Lemma 1. 1
Lemma 1
1. Equity is a portfolio of current and continuation assets, which pay off exclusively at t = 1 and t = 2, respectively;
2. The loading on current assets is an increasing function of idiosyncratic productivity;
3. The excess return of neither asset depends on idiosyncratic productivity; 4. Continuation assets are riskier than current assets if and only if γ > 1 − α 1−ρz .
Because of mean-reversion in idiosyncratic productivity, the book-to-market value is also increasing in the level of idiosyncratic productivity. See Lemma 2. It follows that, as stated formally in Proposition 1, this simple model is unable to reproduce the positive relation between equity returns and the book-to-market ratio -i.e. the value premiumobserved in the data.
Lemma 2
The book-to-market ratio is is an increasing function of idiosyncratic productivity.
Proposition 1 If γ > 1 − α 1−ρz , the expected return on equity monotonically decreases with book-to-market.
Operating leverage
We now amend our simple model by assuming that at t = 1 firms incur a fixed operating cost c f > 0. We also assume that the c f is such that equity value is always non-negative.
We now have
The proofs of all claims stated in this section can be found in Appendix A.
The expected return on equity at t = 0 is
Equity is now a portfolio that includes the risk-free asset on top of current and continuation business assets. The loading on the risk-free asset is
which is strictly decreasing in c f . An increase in the fixed cost is equivalent to expanding the short position on the risk-free asset. Everything else equal, the expected return on equity is increasing in c f .
Introducing operating leverage does not change the comparative statics of the expected return with respect to idiosyncratic productivity. A greater level of s 0 is accommodated by a decline in leverage, i.e. a smaller short position on the risk-free asset and a smaller long position on the portfolio of current and continuation assets. This property is stated formally in Lemma 3.
Lemma 3 With operating leverage, if γ > 1 − α 1−ρz the expected return on equity is still monotonically decreasing in the level of idiosyncratic productivity.
Given Lemma 3, the shape of the mapping between book-to-market ratio and expected returns will depend on the relation between the former and idiosyncratic productivity.
Lemma 4 shows that when one allows for operating leverage, in general this relation will be non-monotone. Furthermore, for c f high enough, there will be always an interval s 0 ∈ (−∞,ŝ 0 ], for someŝ 0 , such that the relation is decreasing.
Lemma 4 For every level of idiosyncratic productivityŝ 0 , there exists a value of c f such that the book-to-market ratio is decreasing in the current value of idiosyncratic produc-
The right panel in Figure 1 Notice that having book-to-market decreasing over s 0 is a necessary, although not sufficient condition for book-to-market and expected returns to be positively associated.
In generalthe mapping between book-to-market and expected return, conditional on aggregate productivity, will be a correspondence. The range of book-to-market over which expected returns are increasing will depend on the second derivative of the mapping relating idiosyncratic productivity to expected returns.
Refer to the right panel of Figure 2 , which illustrates the relation between book-tomarket and expected returns conditional on low (blue) and high (red) aggregate productivity. Conditional on high aggregate productivity, expected returns are decreasing in idiosyncratic productivity, while book-to-market is decreasing. Therefore, the model generates a conditional value discount. Conditional on low aggregate productivity, however, a value premium may emerge.
Unfortunately, the three-period single-firm model cannot predict whether the premium will indeed emerge or not. This is the main reason why in Section 3, we will introduce a fully fledged equilibrium model which admits an ergodic distribution Before turning to that framework, we wish to outline two important insights that emerge from the analysis of the three-period model. The first is that, should a value premium emerge, it will be generated mostly by small-cap firms in bad aggregate states of nature. The second is that the magnitude of the premium will be larger, the larger the second derivative of the mapping relating idiosyncratic productivity to expected returns (see the left panel in Figure 1 ). productivity and that the expected return differential is greater for firms with low productivity. The reason is the same that explains the effect of adding financial leverage to a all-equity firm. When aggregate and idiosyncratic productivity are low, a constant coupon payment (fixed cost) lowers shareholders payoff more (in percentage terms) than in the case of high aggregate/idiosyncratic productivity.
A straightforward corollary is that the value premium should be generated mostly by small-cap firms, during recessions. In the remainder of the paper, we verify whether these predictions hold true in a fully fledged equilibrium model with heterogenous firms and capital accumulation.
A Fully Fledged Model
Time is discrete and is indexed by t = 1, 2, .... The horizon is infinite. At every time t, a positive mass of price-taking firms produce an homogenous good by means of the production function y t = e zt+st k α t , with α ∈ (0, 1). Here k t denotes physical capital, while z t and s t are aggregate and idiosyncratic random disturbances, respectively.
The common component of productivity z t is driven by the stochastic process
where ε z,t ∼ N (0, 1) for all t ≥ 0. The dynamics of the idiosyncratic component s t is described by
with ε s,t ∼ N (0, 1) for all t ≥ 0. The conditional distribution will be denoted as H(s t+1 |s t ).
Adjusting the capital stock by x requires firms to incur a cost g(x, k). Capital depreciates at the rate δ ∈ (0, 1). We also assume that each period firms need to pay a fixed operating cost c f > 0. Think of that as overhead.
The supply of capital is infinitely elastic. We normalize its price at 1. The demand for the final good is given by the function D(p) = p η , where p denotes the price and η < 0.
Firms discount future cash flows by means of the discount factor M t+1 . Following Jones and Tuzel (2013) , we assume that
where log γ t = γ 0 + γ 1 z t , β > 0, γ 0 > 0 and γ 1 < 0. This specification ensures that the price of risk is countercyclical, while the risk-free rate is constant.
At all t ≥ 0, the distribution of firms over the two dimensions of heterogeneity is denoted by Γ t (k, s). Finally, let λ t ∈ Λ denote the vector of aggregate state variables and J(λ t+1 |λ t ) its transition operator. Below we will show that λ t = {Γ t , z t }.
Given the aggregate state λ, capital in place k, and idiosyncratic shock s, the incumbent's value function V (λ, k, s) is the fixed point of the following functional equation:
Recursive Competitive Equilibrium
For given Γ 0 , a recursive competitive equilibrium consists of (i) value functions V (λ, k, s),
(ii) policy functions x(λ, k, s) and (iii) bounded sequences of product prices {p t } ∞ t=0 and firms' measures {Γ t } ∞ t=1 such that, for all t ≥ 0,
, and x(λ, k, s) solve the firm's problem;
2. The product market clears:
Calibration
Investment adjustment costs are the sum of a fixed portion and of a convex portion:
where χ(x) = 0 for x = 0 and χ(x) = 1 otherwise. Notice that the fixed portion is scaled by the level of capital in place and is paid if and only if gross investment is different from zero.
One period is assumed to be one quarter. Consistent with most macroeconomics studies, we set δ = 0.025. Following Cooley and Prescott (1995) , we let ρ z = 0.95 and σ z = 0.007. Finally, given that capital is the only factor of production, we set α = 0.6.
The parameters of the process driving the idiosyncratic shock (ρ s and σ s ), along with those governing the adjustment costs (c 0 and c 1 ), were chosen to match the mean and standard deviation of the investment rate, the autocorrelation of investment, and the rate of inaction. The targets of our calibration are the moments computed in Appendix B by means of the perpetual inventory method and using all the firms in the sample. Clementi and Palazzo (2014) show that a simpler version of the neoclassical investment model with lognormal disturbances -one without investment adjustment costs -has the interesting properties that (i) the mean investment rate is a simple non linear function of of the parameters ρ s and σ s and that (ii) the standard deviation of the investment rate is a simple non-linear function of the mean. It follows that in that framework, mean and standard deviation do not identify the pair {ρ s , σ s }. While these properties do not hold exact in our model, inspection reveals that a similar restriction between the two moments exists, leaving us with a degree of freedom.
We proceed to set ρ s = 0.9, a value consistent with the estimates computed by Imrohoroglu and Tuzel (2014) and set the remaining three parameters to minimize a weighted average of the distances between the moments and their targets.
The parameters governing the stochastic discount are chosen to match the unconditional means of risk-free rate and Sharpe ratio. Finally, we set c f to produce a dataconforming average book-to-market ratio.
We list all parameters in Table 1 and the simulated moments in Table 2 . In general, the model does a pretty good job in approximating the targets. The only exception is the first moment of the investment rate, which falls short of its target due to the restriction on mean and variance of the investment rate implied by the log-normal structure. 
Computation
In order to formulate their choices, firms need to form expectations about the product price in the next period. The market clearing condition requires that at all t,
with Ω t = log e s k α dΓ t (k, s) . The log-price is an affine function of the logarithm of aggregate productivity and of a moment of the firm distribution.
Since the dynamics of Ω t depends on the evolution of the whole distribution, the vector of aggregate state variables λ t includes both Γ t and z t . Faced with the formidable task of approximating an infinitely-dimensional object, we follow Krussel and Smith (1998) and conjecture that Ω t+1 is an affine function of Ω t and z t+1 . Then, (2) implies that the equilibrium price follows the following law of motion:
When computing the numerical approximation of the equilibrium allocation, we will impose that firms form expectations about the evolution of the price assuming that (3) holds true. This means that the aggregate state variables reduce to the pair (p t , z t ). The parameters {β 0 , β 1 , β 2 , β 3 } will be set equal to the values that maximize the accuracy of the prediction rule. See Appendix D for a detailed description of the algorithm.
Results
For any state vector {λ, k, s}, the expected return on equity is given by
where k ′ is the optimal choice of capital. The numerator is the expectation of the cumdividend value at the next date, while the denominator is the current ex-dividend value. Table 3 reports unconditional means for portfolios sorted on size and book-to-market, respectively. The upshot is that the model produces no appreciable unconditional crosssectional variation in returns. In particular, there is no value premium. Everything else equal, low idiosyncratic productivity means higher risk. The intuition is the same as in Section 2. When s is small, most of the value comes from growth options, which are riskier than assets in place by assumption. However, the high level of capital calls for disinvestment. With reasonably calibrated adjustment costs, these firms will be disposing of capital and redistribute the proceeds to shareholders regardless of the aggregate state of nature. Given our assumptions on the stochastic discount factor, shareholders value these unconditional payments, depressing expected returns.
Double Sorting

Comparative Statics
Returns to Scale
Given our calibration strategy, the degree of returns to scale turns to be an important parameter. Everything else equal, a lower level of α drives down the book-to-market ratio, allowing for a greater operating cost c f . We performed an exercise in which α was set equal to 0.3, the value adopted by Zhang (2005) . In one sub-scenario, we left c f at the baseline level and simply rearranged the adjustment cost in order to match our targets for the moments of the investment rate. This economy features an unrealistically low average book-to-market ratio. In another, we allowed c f to rise in order to hit the book-to-market target. The results for single sorting are reported in Table 5 .
Simply changing the degree of returns to scale has no significant effect on the asset pricing cross-sectional properties of the model. However, when the operating cost rises to match the empirical average of book-to-market, the model produces a small, but nonnegligible value premium. In table 6, we report the double sorting in the latter scenario.
The model produces a tiny conditional value premium, mostly due to small-size firms.
The greater operating leverage affects the map between idiosyncratic productivity and expected returns in a straightforward fashion. For given value of s a higher fixed operating cost raises risk, much more so for small-size firms, and therefore returns.
Stochastic Discount Factor
In this section, we consider a different stochastic discount factor. Following Zhang (2005) , we assume that The parameters β, γ 0 , and γ 1 are set to match the unconditional mean and variance of the risk-free rate, as well as the unconditional mean Sharpe ratio. The result is a pricing kernel featuring countercyclical risk-free rate and price of risk. Table 7 shows that for α = 0.6, the results do not differ in substantial ways from our baseline. In particular, the model still generates an unconditional value discount.
For α = 0.3, the model generates a non-negligible value premium. The reason, once again, is that a lower α accommodates a larger value for the fixed cost c f . We considered two sub-scenarios. One, labeled as I, shares the parameters σ s and ρ s with our baseline. In the other, labeled II, the autocorrelation coefficient ρ s is lowered to 0.8, and the conditional standard deviation σ s along with the parameters of the adjustment cost function are recalibrated to approximate the cross-sectional moments of the investment rate. As a result, the unconditional standard deviation of idiosyncratic productivity is greater. premium is now larger, but the mechanics appears to be the same as above.
Cyclical Properties of the Value Premium
One of the starkest implications of the three-period model discussed in Section 2 concerns the role played by the aggregate shock in shaping the unconditional mean value premium.
Recall that in that simple setup, the value premium originates mostly from firms with low idiosyncratic productivity during periods of low aggregate productivity.
In this section we argue that, when the operating leverage is such that the model reproduces an unconditional value premium, these properties survive in the infinite horizon model with adjustment costs. Table 9 and Figure 3 document that this is indeed the case in the last sub-scenario considered in Section 5.
The value premium is highest during bad aggregate times and decreases monotonically In the remainder of this section, we conduct a preliminary test of these predictions by means of the ten book-to-market and the twenty-five size and book-to-market portfolios available on Kenneth French's website. 2 Output is the gross real value added of non-financial US corporate businesses. We consider quintiles of the distribution of log As a first pass, Figure 6 depicts the percent deviation of output from its H-P trend, together with the value premium over the period 1947q2-2012q2 -the one-quarter (Panel A) and one-year ahead value premium (Panel B). The grey bars denote NBER recessions.
All variables are normalized to facilitate their comparison. Both series for the value premium are counteryclical. The correlation with output deviation is -0.14 (statistically significant at the 95% level) for the one-quarter ahead value, and -0.34 (significant at the 99% level) for the one-year ahead value. 3 For portfolios formed in quarters whose output deviation falls in the bottom quintile, the average unconditional annualized value premium is 6.14%. That is 3.9 percentage points higher than for portfolios formed in quarters whose output deviation falls in the top quintile. Similarly, at the yearly frequency, the difference in recorded value premium between top and bottom quintile of log output deviation is −3.75%. Figure 6 provides a graphical representation of the results.
The data supports the prediction that the value premium is highest when aggregate output is low. On the other hand, the data is less supportive of the model's implications when we condition on firm's size. 
A Proofs
Proof of Lemma 1.
The expected return on current assets is
is the expected return from continuation. The linear equation
yields the solution
Tedious algebra reveals that
Differentiating the latter expression with respect to s 0 delivers part 2) of the claim. Now let the risk-free rate be R f t+1 = 1 Et(M t+1 ) . Then, the excess returns of current and continuation assets are given by e γσ 2 z and e γσ 2 Proof of Lemma 2.
Write the ratio of market to book value of capital as
. Because of full depreciation, the optimal level of capital is k 1 = αE 0 [M 1 y 1 ]. It follows that the book-to-market ratio is simply αx, where x is the loading on current assets, and is therefore increasing in s 0 . Think of equity as being a portfolio consisting of the risk-free-asset as long as a composite of current and continuation business assets. The weight of the risk-free asset
]−c f /R f is negative and clearly increasing in s 0 . That is, the short position on the risk-free asset declines with s 0 . It follows that the long position on the composite of current and continuation assets also declines. Then the result follows from Lemma 1, which ensures that the return on the composite portfolio declines with s 0 .
Proof of Lemma 4.
The ratio of market to book value is now
. Notice that the first addendum corresponds to market-to-book in the case with no leverage. It is decreasing in s 0 and independent from c f . Differentiating the second addendum with respect to s 0 yields
Then the result follows from the observation that the derivative is increasing in c f .
B Evidence on Investment
In this appendix we characterize the investment process among public firms in the United States, along the lines of what accomplished by Cooper and Haltiwanger (2006) for the universe of manufacturing establishments. Our data is from the quarterly CRSP/Compustat Merged (CCM) dataset for the years 1985-2010.
We start in 1985 because it is the first year for which quarterly data on capital expenditures are available. We exclude financial firms (SIC codes 6000 to 6999), utilities (SIC codes 4900 to 4949), and firms with missing or non positive total assets value. To minimize the effect of acquisitions, we also eliminate firms that in a given quarter report a value of quarterly acquisitions to total assets ratio larger than 0.05 in absolute value (about 4.3% of the total observations).
We use the perpetual inventory method to convert the book value of the gross capital stock into its replacement value. In particular, we follow the steps described in Salinger and Summers (1983):
Step 1 -Estimate the average life of capital goods using the double declining balance method as
where GK t is the book value of gross property, plant, and equipment in year t, I t is the reported spending on plant, property, and equipment in year t (it does not include spending on acquisitions), and DEP t is the book depreciation in year t.
Step 2 -L i,t varies from firm to firm, and fluctuates from year to year. Therefore we take the cross-sectional average of L i,t , that is L t , and then we take the the average over time of L t to obtain a unique value L * .
Step 3 -We use this average value, L * , in the following formula to define the replacement value of the capital stock
where P t is the deflator for non-residential investment.
Step 4 -The investment rate is equal to
For purpose of comparison, we compute two other measures of investment rate. Following Liu, Whited, and Zhang (2009) , we compute the ratio of total quarterly capital expenditures (derived using year-to-date item CAPXY) net of sales of property, plant, and equipment (derived using year-to-date item SPPEY) and the previous period's total gross value of property, plant, and equipment:
Following Xing (2008) , we also divide the net total quarterly capital expenditures by the previous period's total net value of property, plant, and equipment (item PPENTQ):
B.1 Cross-sectional properties Table 11 reports time-series averages of the cross-sectional moments that we use to calibrate our model: the average investment rate, the standard deviation of the investment rate, the fraction of firms with negative investment rate, the fraction of firms with investment rate in absolute value less than 0.01 (inaction rate), and the first order autocorrelation 4 . We truncate the investment rate observations at the top and bottom 0.1% using all the firm-quarter observations to limit the influence of outliers.
The average cross-sectional investment rate is in between 0.037 and 0.076, while the average cross-sectional standard deviation goes from 0.076 when we use x G to 0.150 when
we use x N . The implied coefficient of variation (not reported) is around 2.
The fraction of firms with negative investment is consistently between 4.0% and 5.0%, while the inaction rate when measured using x G and x P IM is almost twice as large as the value implied by x N . The latter value is much smaller when we use x N because we net out the accumulated depreciation from the denominator of the investment rate. This also explains the large discrepancy in the mean and standard of the investment process between x G and x P IM on one hand and x N on the other. To conclude, we observe that the quarterly autocorrelation implied by the three different measures is between 0.24 and 0.32. Table 11 shows that the universe of firms in our sample produces investment rate's moments very close to the ones generated using only manufacturing firms (SIC codes 2000 to 3999) . In rest of the paper, we will limit our discussion to the cross-sectional properties of all the firms in the sample because this choice allows us to perform a cross-sectional equity returns analysis based on a larger number of observations. 
C Evidence on Equity Returns
This appendix describes the joint behavior of equity returns and investment rates in the cross-section. In particular, we perform univariate portfolio sorts along dimensions known to be related to equity returns like the market capitalization and the book-to-market.
We also explore the joint behavior of equity returns and investment rates across portfolios double sorted along market capitalization and book-to-market.
To be consistent with the timing convention of the model, we rebalance portfolios at quarterly frequency. Following the portfolio formation strategy in Chen, Novy-Marx, and Zhang (2011) and Palazzo (2012) , we use the quarterly accounting data in month t in portfolios sorts starting at time t + i + 1 if there has been an an earnings announcement (item RDQ) in month t + i, for i = 1, 2, 3.
We report values for equally and value weighted equity returns, market capitalization, and the book-to-market ratio.
Stock prices and quantities are from the Center for Research in Security Prices (CRSP), while accounting data is from CCM quarterly. We match the companies in CRSP with the companies in CCM that have the same security identifier PERMNO. We consider only ordinary common shares (share codes 10 and 11 in CRSP) and we exclude observations related to suspended, halted, or non-listed shares (exchange codes lower than 1 and higher than 3). We also require that a stock has reported returns for at least 24 months prior to portfolio formation. If a stock undergoes a performance delist after portfolio formation and the delisting return is missing, we follow Shumway (1997) and assign to the missing equity returns a value of -30%.
A firm's stock market value (SIZE) is defined as the value of its market capitalization at portfolio formation. The book-to-market ratio (BM) is the ratio of book value of equity to market value. Following Chen, Novy-Marx, and Zhang (2011) 
C.1 Univariate portfolio sorts
In Table 12 we sort all the firms in the sample in quintiles according to their book-tomarket value (Panel A) and according to their market capitalization at portfolio formation (Panel B). The reported equity returns are cumulative quarterly returns evaluated using the three monthly returns subsequent to portfolio formation.
The results show that high book-to-market firms (also known as value firms) earn a positive and significant excess return over low book-to-market firms (also known as growth firms) of 3.65% per quarter (value premium). The investment rate is decreasing across book-to-market categories and the quarterly difference between firms in the low book-to-market category and firms in the high book-to-market category is 0.036. Market capitalization is significantly decreasing across book-to-market categories.
Similarly to book-to-market sorted portfolios, small firms earn a positive and significant excess return over large firms. This difference (the size premium) equals 2.87% per quarter over the 1985q1-2010q4 period. The investment rate for large firms is significantly larger and the difference between large and small firms is, on average, three time smaller than the one documented across book-to-market sorted portfolios (0.013 vs. 0.036). Notice that the investment rate shows a hump shaped behavior across size sorted portfolios.
Book-to-market is significantly decreasing across size categories, as expected. The 1%, 5%, and 10% significance levels are denoted with a, b, and c, respectively. The excess return of high book-to-market firms over low book-to-market firms is larger for small firms and it is decreasing in firm's size. In the large firms category, this excess returns is still positive but not significant. At the same time, the excess return of small size firms over large ones is increasing in book-to-market and it is significantly different from zero only for firms belonging to the high book-to-market category.
C.2 Double-sorted portfolios
The investment rate is significantly decreasing in book-to-market across all the different size categories. Notice that the investment differential between high and low bookto-market firms shows a hump-shaped behavior: The difference is larger for firms in the medium size category. Large firms have on average a larger investment rate than small firms and this difference is significant only for firms in the low and high book-to-market categories.
We also report the behavior of the total book value of assets across the different size and book-to-market categories. Differently from the market capitalization, this quantity is significantly increasing in book-to-market across all size categories. To conclude, we report the distribution of firms over the nine portfolios. We notice that large firm tend to be low book-to-market firms and small firms tend to be large book-to-market firms. This is not surprising given the negative relation between this two variables documented in Table 12 . Notice that small size-low book-to-market firms and large size-high book-
to-market firms represent only 3% of all the observations.
C.3 Summary of the empirical analysis
The empirical analysis suggests a number of stylized facts that should drive the construction of neoclassical investment models whose goal is to reproduce some basic crosssectional features of the investment process and equity returns for U.S. public companies at a quarterly frequency.
When calibrated at a quarterly frequency using Compustat data over the period 1985q1 to 2010q4, a neoclassical investment model whose goal is to replicate the investment behavior of U.S. public firms should produce an average cross-sectional investment rate of 0.044, with a corresponding standard deviation of 0.089. In addition, the investment process should feature a quarterly inaction rate of 0.209, a negative investment of 0.049, and a first order autocorrelation of 0.309 (Table 11 ).
The model economy should also be able to replicate the negative and significant relation between the investment rate and book-to-market and the positive relation between the investment rate and market capitalization found in the data. The investment differential across book-to-market-sorted portfolios should also be much larger in absolute value (about three times larger) then the one across size-sorted portfolios.
Once calibrated to be consistent with the investment process, the model's pricing properties should be assessed using the empirical cross-section of equity returns as a benchmark.
In particular, the model should be able to produce: (1) The positive relation between book-to-market and equity returns (value premium) and the negative relation between market value and equity returns (size premium) found in univariate portfolio sorts (Table 12) ; (2) A value premium which is decreasing in firm's size and a size premium which is increasing in book-to-market (Table 13 ).
D Numerical Approximation
Our algorithm consists of the following steps.
1. Guess values for the parameters of the price forecasting ruleβ = β 0 ,β 1 ,β 2 ,β 3 ; 2. Approximate the firm's value function;
3. Simulate the economy for T periods, starting from an arbitrary initial condition (z 0 , Γ 0 ); 4. Obtain a new guess forβ by running regression (3) over the time-series {p t , z t } T t=S+1 , where S is the number of observation to be scrapped because the dynamical system has not reached its ergodic set yet;
5. If the new guess forβ is close to the previous one, stop. If not, go back to step 2.
D.1 Approximation of the value function
The firm's value function is approximated by value function iteration.
